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The celebrated Poincaré’s theorem states that the length of the equator in S2
is shorter than or equal to that of any area bisecting closed curve. As is eas-
ily seen, the length of the equator can be shortened by a small perturbation.
In other words, the equator is unstable under general deformations. It is well
known that area preserving diffeomorphisms in S2 are nothing but Hamiltonian
diffeomorphism with respect to the natural symplectic (area) form. Since any
curve in S2 is a Lagrangian submanifold, Poincaré’s theorem can be restated
as follows: In S2, the equator is a Lagrangian submanifold which is Hamilto-
nian volume minimizing, namely, volume minimizing under any Hamiltonian
deformations. From this observation, an interesting problem arises.
Find a compact embedded Lagrangian submanifold L in a symplectic man-
ifold M (with a compatible metric) which satisfies
Vol(L) ≤ Vol(φ(L))
for any Hamiltonian diffeomorphisms φ of M .
This is called the Hamiltonian volume minimizing problem. We also consider
this problem for isotropic submanifolds inspired by the investigation of the
stability of isotropic submanifolds ([3]).
A Hamiltonian volume minimizing Lagrangian submanifold is Hamiltonian
minimal and Hamiltonian stable. Hence in the process of finding Hamilto-
nian volume minimizing Lagrangian submanifolds, it is important to construct
Hamiltonian stable Lagrangian submanifolds or to find the necessary condition
for Lagrangian submanifolds to be Hamiltonian stable.
In Chapter 4, we investigate the stability of complete non-compact La-
grangian submanifolds. B.Y. Chen [2] and Y.G. Oh [14] derived independently
the second variation formula for minimal Lagrangian submanifolds in Kähler
manifolds. As a corollary, Oh obtained the following.
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Corollary 4.1.8 ([14]). Let M be a Kähler manifold with positive Ricci cur-
vature and L be a compact minimal Lagrangian submanifold of M . If L is
Lagrangian stable, then we have
H1(L;R) = {0}.
From this corollary, we see that there is a constraint on the topology for com-
pact minimal Lagrangian submanifolds to be Lagrangian stable. This property
is shown only for compact minimal Lagrangian submanifolds. So we discuss
the following question.
What are the relations between the stability and the topology of complete
non-compact minimal Lagrangian submanifolds?
For this purpose, we review a known result on the relation between the stability
and the topology of complete non-compact minimal hypersurfaces.
Theorem 4.2.2 ([13], [16]). Let M be a Riemannian manifold with non-
negative sectional curvature and N be a complete non-compact stable minimal
hypersurface in M . Then there exist no non-trivial L2 harmonic 1-forms on
N .
This is shown by B. Palmer [16] in the Euclidean case and by R. Miyaoka [13] in
the general case. According to J. Dodziuk [5], if there is a cycle of codimension
1 in N which does not disconnect N , then there exists a non-trivial L2 harmonic
1-form on N . Thus the non-existence of L2 harmonic 1-forms gives a constraint
on the topology.
Based on these facts, we investigate the stability of complete non-compact
Lagrangian submanifolds in Kähler manifolds and obtain the following main
result of this thesis.
Theorem 4.3.1 ([21]). Let M be a Kähler manifold with positive Ricci curva-
ture and L be a complete non-compact stable minimal Lagrangian submanifold
in M . Then there are no non-trivial L2 harmonic 1-forms on L.
We give two different proofs of this theorem. As a direct consequence of The-
orem 4.3.1, we obtain the following corollary which is already known ([4], [7]):
Corollary 4.5.1. Let M be a complete non-compact Kähler manifold with
positive Ricci curvature. Then M has no non-trivial L2 harmonic 1-forms.
We give an example related to Theorem 4.3.1 based on Palmer’s example
([17]). Let Σg be a closed Riemann surface of genus g and F : Σg → S3 be
a minimal immersion (see [11]). Then the Gauss map G : Σg → Q2(C) is a
2
minimal Lagrangian submanifold, where Q2(C) is the complex hyperquadric.
We consider any infinite Galois covering p : X → Σg. Then the lift Ĝ : X →
Q2(C) of G with respect to p is a complete non-compact minimal Lagrangian
submanifold. When the genus g is greater than 1, it is known that X has a non-
trivial L2 harmonic 1-form (see [1], [5]). Thus we conclude from Theorem 4.3.1
that Ĝ is not stable.
In Chapter 5, we investigate the minimality and stability of isotropic sub-
manifolds. Generalizing an example T k ⊂ Ck ⊂ Cn, we consider a compact
Lagrangian submanifold L of a complex submanifold N in a Kähler manifold
M and remark the relation between the minimality or stability of L in N and
those of L in M .
Generalizing another example RP k ⊂ RP n ⊂ CP n, we consider a subman-
ifold I of a Lagrangian submanifold L in a Kähler manifold M and remark the
relation between the minimality or stability of I in L and those of I in M .
3
Chapter 2
First and second variation
formula
2.1 First variation formula
Let M be a Riemannian manifold and L be a submanifold of M of dimension
k. Note that we use the word “submanifold” for immersed submanifold. Hence
we assume implicitly that there is a smooth map (immersion) ι : L→M when
we say “submanifold L of M”. We write 〈 , 〉 for the inner product on M . We
denote the Levi-Civita connection, the curvature tensor and the Ricci tensor
of M by ∇, R and Ric, respectively, and denote those of L without bar.
We consider a deformation {ιt} of L, namely a smooth family of immersions
which satisfies ι0 = ι:
ιt : L→M, t ∈ (−ε, ε).
We assume that the support of the deformation {ιt} is compact. For a defor-





is called the variation vector field of {ιt}. Let AV (t) := Vol(ιt(L)). Then the
minimality of the submanifold L in M is defined as follows.
Definition 2.1.1. A submanifold L of a Riemannian manifold M is said to
be minimal if the first variation A′V (0) = (d/dt)|t=0AV (t) vanishes for any
compactly supported deformation {ιt} of L.
To investigate the minimality of submanifolds, we derive the first variation
formula.
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Theorem 2.1.2 ([19], First variation formula). For a compactly supported
deformation {ιt} of L, the first variation A′V (0) is given by




where, H is the mean curvature vector of L in M .
Proof. We denote by ηt the volume form on L with respect to the metric














ηt at a fixed point p ∈ L. We choose a local orthonormal
frame (e1, . . . , ek) of TL as the coordinate vector field of a geodesic coordinate
at p. Note that ∇eiej(p) = 0 holds. We extend it to a neighborhood of p in M










〈e1 ∧ · · · ∧ ek, e1 ∧ · · · ∧ ek〉
1
2 ∗ 1



















〈e1 ∧ · · · ∧ ∇V ei ∧ · · · ∧ ek, e1 ∧ · · · ∧ ek〉.
Using
〈u1 ∧ · · · ∧ uk, v1 ∧ · · · ∧ vk〉 = det
〈u1, v1〉 · · · 〈u1, vk〉... . . . ...
〈uk, v1〉 · · · 〈uk, vk〉
 (2.2)












Note that [ei, V ] = 0 for each i, because the orthonormal frame (e1, . . . , ek) is
extended by the local flow of the normal field V and hence two local vector
fields ei and V commute. Thus we have
k∑
i=1
















〈V, (∇eiei)⊥〉 = −
k∑
i=1
〈V,B(ei, ei)〉 = −k〈V,H〉
where B is the second fundamental form of L in M . Here the mean curvature

















and via divergence theorem, we obtain (2.1).
Corollary 2.1.3. A submanifold L in a Riemannian manifold is minimal if
and only if the mean curvature vector H vanishes.
2.2 Second variation formula
When we consider the stability of submanifolds, we assume that variation vec-
tor fields are normal to L. In this case, the deformations {ιt} are said to be
normal.
Definition 2.2.1. A minimal submanifold L of M is said to be stable if the
second variation A′′V (0) = (d2/dt2)|t=0AV (t) is non-negative for any compactly
supported normal deformation {ιt} of L.
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To investigate the stability of submanifolds, we derive the second variation
formula.
Theorem 2.2.2 ([3], Second variation formula). For a compactly supported





‖∇⊥V ‖2 − 〈R(V ), V 〉 − ‖AV ‖2 + k2〈H, V 〉2 − k〈H,∇V V 〉
}





(e1, . . . , ek) is an orthonormal frame of TL and A







ηt at a fixed point p ∈ L. We use a local orthonor-










〈e1 ∧ · · · ∧ ek, e1 ∧ · · · ∧ ek〉
1
2 ∗ 1.


































〈e1 ∧ · · · ∧ ∇V ei ∧ · · · ∧ ek, e1 ∧ · · · ∧ ek〉
)




















〈e1 ∧ · · · ∧ ∇V ei ∧ · · · ∧ ek, e1 ∧ · · · ∧ ∇V ej ∧ · · · ∧ ek〉.
Using (2.2), we compute (I) - (IV). We remark that [ei, V ] = 0 and∇eiej(p) = 0
hold. Then the first term becomes
(I) = −k2〈H,V 〉2

















〈B(ei, ei), V 〉〈B(ej, ej), V 〉 − 〈AV ei, ej〉2
)
= k2〈H,V 〉2 − ‖AV ‖2.


















〈R(V, ei)V, ei〉+ ei〈∇V V, ei〉 − 〈∇V V,∇eiei〉
)
= −〈R(V ), V 〉+ div(∇V V )> − k〈H,∇V V 〉.



























= k2〈H, V 〉2 − ‖AV ‖2 + ‖AV ‖2 + ‖∇⊥V ‖2







〈e1 ∧ · · · ∧ ek, e1 ∧ · · · ∧ ek〉
1
2
= k2〈H,V 〉2 − ‖AV ‖2 − 〈R(V ), V 〉+ div(∇V V )> − k〈H,∇V V 〉
+ k2〈H, V 〉2 + ‖∇⊥V ‖2 − k2〈H, V 〉2
= ‖∇⊥V ‖2 − 〈R(V ), V 〉 − ‖AV ‖2 + k2〈H,V 〉2 − k〈H,∇V V 〉+ div(∇V V )>.
From the divergence theorem, we obtain the assertion.
Corollary 2.2.3 ([19]). Let L be a minimal submanifold of a Riemannian
manifold M and V be a normal vector field on L with a compact support.










Deformations of Lagrangian and
isotropic submanifolds
3.1 Lagrangian and isotropic submanifolds
We define Lagrangian and isotropic submanifolds and review their fundamental
properties. Let (M,ω) be a symplectic manifold of dimension 2n. Here, ω is a
symplectic form, namely, a non-degenerate closed 2-form on M .
Definition 3.1.1. Let I be a submanifold of M .
(1) I is said to be isotropic if the symplectic form ω vanishes on I.
(2) I is said to be Lagrangian if I is isotropic and has half dimension of M .
Note that the dimension of isotropic submanifold must be less than or equal
to n. Thus Lagrangian submanifold L is maximal dimensional among isotropic
submanifolds.
We choose an almost complex structure J which is compatible with ω,
namely, an endomorphism J : TM → TM with J2 = −Id which satisfies
ω(JX, JY ) = ω(X, Y ),
and 〈X, Y 〉 := ω(X, JY ) defines a metric on M . Note that the existence of
such J is guaranteed for any symplectic form ω. For an isotropic submanifold
I, it is easily seen that JTI is orthogonal to TI in TM . Thus the normal
bundle T⊥I has the following orthogonal decomposition:
T⊥I = JTI ⊕ ν,
where ν is the maximal complex subbundle of the normal bundle T⊥I. Note
that the rank of ν is equal to 2(n − k), where k is the dimension of I. Thus
ν = {0} when I is a Lagrangian submanifold.
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We define a map ω̃ : Γ(L;T⊥I) → Ω1(I) from the space of normal vector
fields along I to the space of 1-forms on I as follows:
ω̃(V )(X) := ω(V,X) = 〈JV,X〉 (V ∈ T⊥I, X ∈ TI). (3.1)
For simplicity, we write αV := ω̃(V ).
Lemma 3.1.2. Let I be an isotropic submanifold of M . Then ω̃ is a bundle
map satisfying the following conditions.
(1) αV = 0 if and only if V ∈ ν. Particularly when I is a Lagrangian
submanifold, ω̃ is a bundle isomorphism.
(2) Let V , W be normal vector fields along I and assume V ∈ JTI. Then
〈αV , αW 〉 = 〈V,W 〉
holds. Particularly when I is a Lagrangian submanifold, ω̃ is a bundle isomor-
phism preserving the inner product.
Proof. (1) From (3.1), we know that αV = 0 holds if and only if V is orthogonal
to JTI namely when V ∈ ν.
(2) For any vector field X on I, we have
αV (X) = 〈JV,X〉 = 〈(JV )>, X〉.
Thus, we obtain
〈αV , αW 〉 = 〈(JV )>, (JW )>〉 = 〈JV, JW 〉 = 〈V,W 〉.
3.2 Deformations of isotropic submanifolds
Y.G. Oh [14] first defined several kinds of deformations of Lagrangian sub-
manifolds. Deformations of isotropic submanifolds are first introduced by B.Y.
Chen and J.M. Morvan [3] as a generalization of the Lagrangian case. In this
section, we review the definitions and the properties of the deformations of
isotropic and Lagrangian submanifolds. From now on, we assume that the
deformations are normal.
Definition 3.2.1. Let I be an isotropic submanifold. A normal deformation
{ιt} of I is said to be isotropic if ιt is an isotropic immersion for each t. When
I is a Lagrangian submanifold, an isotropic deformation is called a Lagrangian
deformation.
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Lemma 3.2.2 ([3], [14]). A normal deformation {ιt} of I is isotropic if and
only if the 1-form αt := αVt is closed for each t.
Proof. The deformation {ιt} is an isotropic deformation if and only if ι∗tω = 0









t (LVtω) = ι∗t (i(Vt)dω + d(i(Vt)ω))
= ι∗td(i(Vt)ω) = dαt,
where LX is the Lie derivative in the direction X and i is the interior product.
Definition 3.2.3. Let I be an isotropic submanifold. A normal deformation
{ιt} of I is said to be exact if the 1-form αt is exact for each t. By the above
lemma, exact deformations are isotropic deformations. When I is a Lagrangian
submanifold, an exact deformation is called a Hamiltonian deformation.
3.3 Minimality and stability of isotropic sub-
manifolds
In this section, we review the definitions and the properties of minimality and
stability of isotropic and Lagrangian submanifolds ([3], [15]).
Definition 3.3.1. An isotropic submanifold I is said to be isotropic (respec-
tively, exact or Hamiltonian) minimal if the first variation A′V (0) vanishes for
any isotropic (respectively, exact or Hamiltonian) deformation {ιt} with com-
pact support, where Vt is the variation vector field of {ιt}. When I is a La-
grangian submanifold, replace isotropic by Lagrangian in the above statement.
Proposition 3.3.2 ([3]). Let I be an isotropic submanifold with mean curva-
ture vector H.
(1) Assume that I is compact. Then I is isotropic minimal if and only if
H ∈ JTI and the 1-form αH is co-exact.
(2) I is exact minimal if and only if H ∈ JTI and the 1-form αH is co-closed.
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Proof. (1) Recall the first variation formula:




where k is the dimension of I. A normal variation V ∈ ν is isotropic since the
corresponding 1-form αV is zero (especially closed) by Lemma 3.1.2. In partic-
ular, Hν is an isotropic variation, where H = HJTI +Hν is the decomposition








and hence H = HJTI ∈ JTI. By Lemma 3.1.2, we obtain







which vanishes for any isotropic variation V . In other words,∫
L
〈α, αH〉 = 0 (3.3)
holds for any closed 1-form α by Lemma 3.2.2. Therefore the 1-form αH is
orthogonal to Ker(d) in Ω1(I). On the other hand, the Hodge decomposition
Ω1(I) = Ker(d) ⊕ Im(δ) holds since I is compact. Thus αH ∈ Im(δ), namely,
αH is co-exact.
Conversely, suppose that H ∈ JTI and αH is co-exact. Let V be an
arbitrary isotropic variation. Since H ∈ JTI,
〈V,H〉 = 〈αV , αH〉
holds by Lemma 3.1.2. Moreover, we can write αH = δβ for some β ∈ Ω2(I).
Thus by the first variation formula (3.2), we obtain
A′V (0) = −k
∫
L
〈αV , αH〉 = −k
∫
L
〈dαV , β〉 = 0.
Therefore I is isotropic minimal.
(2) Assume that I is exact minimal. As before, we obtain H ∈ JTI and













〈df, αH〉 = 0
holds for any compactly supported smooth function f on I. Therefore αH must
be co-closed.
Conversely, let H ∈ JTI and αH be co-closed. Then, we obtain by (3.2)
and Lemma 3.1.2,
A′V (0) = −k
∫
L




for any compactly supported exact variation V , where αV = df for some com-
pactly supported smooth function f on I. Thus I is exact minimal.
For Lagrangian submanifolds L, the condition H ∈ JTL is automatically sat-
isfied and hence we have the following:
Corollary 3.3.3 ([15]). Let L be a Lagrangian submanifold with mean curva-
ture vector H.
(1) Assume that L is compact. Then L is Lagrangian minimal if and only if
the 1-form αH is co-exact.
(2) L is Hamiltonian minimal if and only if the 1-form αH is co-closed.
Now we define several kinds of stability of isotropic and Lagrangian sub-
manifolds in Kähler manifolds.
Definition 3.3.4. Let I be an isotropic (respectively, exact or Hamiltonian)
minimal isotropic submanifold. I is said to be isotropic (respectively, exact
or Hamiltonian) stable if the second variation A′′V (0) is non-negative for any
isotropic (respectively, exact or Hamiltonian) deformation {ιt}, where V is the
variation vector field of {ιt}. When I is a Lagrangian submanifold, replace
isotropic by Lagrangian in the above statements.
3.4 Hamiltonian volume minimizing problem
One of the interesting problems in symplectic geometry is:
Hamiltonian volume minimizing problem: Let M be a symplectic manifold with
a compatible almost complex structure J . Then, find a compact embedded
isotropic submanifold I in M which satisfies
Vol(I) ≤ Vol(φ(I))
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for any Hamiltonian diffeomorphism φ of M . (Such a submanifold I is called
a Hamiltonian volume minimizing isotropic submanifold, or a HVM isotropic
submanifold in short.)
Here, the Hamiltonian diffeomorphism of symplectic manifolds is defined
as follows.
Definition 3.4.1. Let M be a symplectic manifold. A diffeomorphism φ of
M is said to be Hamiltonian if there exists a smooth family of functions {ft}
on M such that φ = φ1f , where {φtf} is the flow generated by the Hamiltonian
vector field Xft of {ft} which is defined by i(Xft)ω = dft.
Known examples of HVM Lagrangian and isotropic submanifolds are the
following:
(1) (Y.G. Oh, B. Kleiner [14]) Totally geodesic RP n ⊂ CP n.
(2) (E. Goldstein [6]) Totally geodesic RP k ⊂ CP n for k < n.
(3) (H. Iriyeh, H. Ono, T. Sakai [8]) Totally geodesic S1 × S1 ⊂ S2 × S2.
(4) (H. Iriyeh, T. Sakai, H. Tasaki [9]) S0,n ⊂ Qn(C), where
Qn(C) := {[z0 : z1 : · · · : zn+1] ∈ CP n+1 | z20 + z21 + · · ·+ z2n+1 = 0},
S0,n := {[
√
−1x0 : x1 : · · · : xn+1] ∈ Qn(C) | xi ∈ R, x21+· · ·+x2n+1 = x20}.
HVM property of each Lagrangian submanifold above is proved by using
the Lagrangian intersection theory and the integral formula, which gives a
relation between the volume and the integral of the intersection number. In
[20], we investigate the intersection number of isotropic submanifolds contained
in some coisotropic submanifold to be applied to the HVM problem of isotropic
submanifolds.
A HVM Lagrangian submanifold is Hamiltonian minimal and Hamiltonian
stable. Hence it is important to construct Hamiltonian stable Lagrangian sub-
manifolds or to find necessary conditions for Lagrangian submanifolds to be
Hamiltonian stable. For this purpose, we investigate the stability of Lagrangian







4.1 Second variation formula for minimal La-
grangian submanifolds in Kähler manifolds
Chen [2] and Oh [14] derived independently the second variation formula for
minimal Lagrangian submanifolds in Kähler manifolds. In this section, we
review the formula and its proof.
Theorem 4.1.1 ([2], [14]). Let M be a Kähler manifold and L be a minimal






〈∆αV , αV 〉 − Ric(V, V )
}
,
where V is a compactly supported normal variation of L.
Recall some fundamental properties of Kähler manifolds.
Lemma 4.1.2. On a Kähler manifold M , the complex structure J is parallel
with respect to ∇, and the curvature tensor R satisfies
〈R(X, JY )JZ,W 〉 = 〈R(JX, Y )Z, JW 〉.
We need the celebrated Weitzenböck formula for the proof of Theorem 4.1.1.
See Jost [10] for the proof.
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Lemma 4.1.3 (Weitzenböck formula). On a Riemannian manifold L, the usual
Laplacian ∆ = dδ+ δd and the covariant Laplacian ∇∇ acting on 1-forms are
related by
∆ = −∇∇+R,
where R is defined by R(α)(X) := Ric(α], X) for a 1-form α, and α] is given
by 〈α], Y 〉 = α(Y ).
Proof of Theorem 4.1.1. We compute the second variation formula in Corol-
lary 2.2.3 of a minimal Lagrangian submanifold L. We need the following:
Lemma 4.1.4. On a Kähler manifold M and a Lagrangian submanifold L, we
have
ω̃(∇⊥V ) = ∇(ω̃(V ))
for any normal vector field V along L.
Proof. For any vector fields X, Y on L, we have




− αV (∇XY )
= X〈JV, Y 〉 − 〈JV,∇XY 〉
= 〈∇XJV, Y 〉 = 〈∇XJV, Y 〉.
Since M is Kähler, the Levi-Civita connection ∇ and the complex structure J
commute. Thus, we obtain
(∇XαV )(Y ) = 〈J∇XV, Y 〉 = 〈J∇⊥XV, Y 〉 = ω̃(∇⊥XV )(Y ).
This implies ω̃(∇⊥V ) = ∇αV = ∇(ω̃(V )).













〈ω̃(∇⊥∇⊥V ), ω̃(V )〉 = −
∫
L




〈∇∇αV , αV 〉
















〈∆αV , αV 〉 − Ric(JV, JV )
}
. (4.1)
Next, we need the following:
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Lemma 4.1.5. On an isotropic submanifold I of a Kähler manifold M , the
three tensor S(X, Y, Z) := 〈B(X, Y ), JZ〉 is symmetric.
Proof. It is well known that the second fundamental form B is symmetric. So
it is sufficient to show 〈B(X, Y ), JZ〉 = 〈B(X,Z), JY 〉 for any tangent vector
field X, Y and Z on L. Since I is isotropic, JZ is a normal vector field of I.
Thus
〈B(X, Y ), JZ〉 = 〈∇XY, JZ〉 = −〈Y,∇XJZ〉
= −〈Y, J∇XZ〉 = 〈JY,∇XZ〉
= 〈B(X,Z), JY 〉.
Lemma 4.1.6. If L is a minimal Lagrangian submanifold of a Kähler manifold
M , then we have
Ric(V, V ) = Ric(JV, JV ) + 〈R(V ), V 〉+ ‖AV ‖2 (4.2)
for a normal vector field V along L.
Proof. Let (ei)
n
i=1 be a local orthonormal frame of L. Then (ei, Jei)
n
i=1 is a
local orthonormal frame of TM along L. Hence we have
Ric(V, V ) =
n∑
i=1
〈R(V, ei)ei, V 〉+
n∑
i=1
〈R(V, Jei)Jei, V 〉. (4.3)
The first term is nothing but 〈R(V ), V 〉. In the second term,
n∑
i=1
〈R(V, Jei)Jei, V 〉 =
n∑
i=1
〈R(JV, ei)ei, JV 〉 (4.4)
holds by Lemma 4.1.2. Using the Gauss equation, we have
n∑
i=1





〈R(JV, ei)ei, JV 〉+ 〈B(JV, ei), B(ei, JV )〉 − 〈B(JV, JV ), B(ei, ei)〉)
}





since L is minimal. The vectors (Je1, . . . , Jen) span T






〈B(JV, ei), Jej〉2 =
n∑
i,j=1




〈AV (ei), ej〉2 = ‖AV ‖2 (4.6)
where we use Lemma 4.1.5. Combining (4.3) - (4.6), we obtain (4.2).

















〈∆αV , αV 〉 − Ric(V, V )
}
,
which completes the proof of Theorem 4.1.1.
Corollary 4.1.7 ([12], [14]). Let M be a Kähler manifold with non-positive
Ricci curvature. Then a minimal Lagrangian submanifold L of M is stable.
Proof. We choose an arbitrary normal variation vector field V on L with com-
pact support. Then we have∫
L
〈∆αV , αV 〉 =
∫
L




‖dαV ‖2 + (δαV )2
}
≥ 0





〈∆αV , αV 〉 − Ric(V, V )
}
≥ 0.
Corollary 4.1.8 ([14]). Let M be a Kähler manifold with positive Ricci cur-
vature, and L be a compact minimal Lagrangian submanifold of M . If L is
Lagrangian stable, then we have
H1(L;R) = {0}.
19
Proof. Assume that H1(L;R) is not trivial. Then there exists a non-trivial
harmonic 1-form α on L. Let V be the variation vector field such that α = αV .










−Ric(V, V ). (4.7)
Since α = αV is a closed one form, V is a Lagrangian variation. Thus (4.7) is
non-negative if L is Lagrangian stable. Thus we obtain V = 0 and so α = 0, a
contradiction.
Corollary 4.1.7 holds not only for compact Lagrangian submanifolds but
also for non-compact ones. On the other hand, Corollary 4.1.8 holds only for
compact Lagrangian submanifolds since the harmonic 1-form α need not have
a compact support in the non-compact case. Hence it is natural to ask what
we can say for the stability of non-compact minimal Lagrangian submanifolds
in Kähler manifolds with positive Ricci curvature. We discuss this in the
following.
4.2 Stability of complete non-compact mini-
mal hypersurfaces in a Riemannian mani-
folds and L2 harmonic 1-forms
Before we consider the stability of non-compact Lagrangian submanifolds, we
review a known fact of the stability of hypersurfaces.
Definition 4.2.1. Let M be a non-compact Riemannian manifold. A smooth
differential form α on M is said to be L2 if the L2-norm of α is finite:∫
M
‖α‖2 <∞.
On the stability of hypersurfaces, the following result is known by B.
Palmer [16] in the Euclidean case and by R. Miyaoka [13] in the case of Rie-
mannian manifolds with non-negative sectional curvature.
Theorem 4.2.2 ([13], [16]). Let M be a Riemannian manifold with non-
negative sectional curvature and N be a complete non-compact stable minimal
hypersurface in M . Then there exist no non-trivial L2 harmonic 1-forms on
N .
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Remark 4.2.3. According to J. Dodziuk [5], if there is a cycle of codimension 1
in N which does not disconnect N , then there exists a non-trivial L2 harmonic
1-form on N . Thus the non-existence of L2 harmonic 1-forms is a constraint
on the topology.
4.3 Stability of complete non-compact mini-
mal Lagrangian submanifolds and L2 har-
monic 1-forms
The following is the main theorem of this article.
Theorem 4.3.1 ([21]). Let M be a real 2n-dimensional Kähler manifold with
positive Ricci curvature and L be a complete non-compact stable minimal La-
grangian submanifold in M . Then there exist no non-trivial L2 harmonic 1-
forms on L.
Proof. Let α be an L2 harmonic 1-form on L. We show that α must be trivial.
Let ξ be the normal vector field along L such that α = αξ. Here, ξ is not
necessarily compactly supported, so we consider a cut off function as follows.
Lemma 4.3.2. Let L be a complete non-compact Riemannian manifold. For
any r > 0, there is a function f = fr on L with following properties:
(1) f is continuous on L and smooth almost everywhere on L,
(2) 0 ≤ f ≤ 1,
(3) f = 1 on B r
2
,
(4) f = 0 outside Br,
(5) ‖∇f‖2 ≤ c
r2
,
where Br is a geodesic ball with radius r in L centered at a fixed point p ∈ L
and c is a constant independent of r.
Proof. Let φ be a function on R such that
(1) φ is smooth on R,
(2) 0 ≤ φ ≤ 1,
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(3) φ(s) = 1 for |s| ≤ r
2
,
(4) φ(s) = 0 for |s| ≥ r,
(5) ‖∇φ‖2 ≤ c
r2
.
Define f : L → R by f := φ ◦ dp, where dp : L → R is the distance function
from p ∈ L :
dp(q) := d(p, q),
which is continuous on L and smooth everywhere except on the cut locus Cp
of p, which is a null set in L. Moreover, the gradient vector of dp has the
unit length. Therefore, f satisfies the required properties and the assertion is
proved.
We consider V = fξ as a variation vector field and compute the second

























For the second term of (4.8), from
















































f 2∆‖ξ‖2 + f 2‖∇⊥ξ‖2
}
. (4.9)
Now we recall the well-known fact on harmonic vector fields.
Lemma 4.3.3 ([10]). Let X be a harmonic vector field on a Riemannian man-
ifold L, namely a dual vector field of a harmonic 1-form. Then, we have
−∆‖X‖2 = 2(Ric(X,X) + ‖∇X‖2).
Since the vector field Jξ on L is the dual vector field of α = αξ, we have
∆‖ξ‖2 = ∆‖Jξ‖2 = −2(Ric(Jξ, Jξ) + ‖∇(Jξ)‖2).







‖∇f‖2‖ξ‖2 − f 2Ric(Jξ, Jξ)− f 2‖∇(Jξ)‖2 + f 2‖∇⊥ξ‖2
}
. (4.10)
Since M is Kähler, ∇ and J commute. Thus we have
‖∇(Jξ)‖2 = 〈∇(Jξ),∇(Jξ)〉 = 〈J∇ξ,∇(Jξ)〉
= 〈J∇⊥ξ,∇(Jξ)〉 = 〈J∇⊥ξ, J∇ξ〉




























‖∇f‖2‖ξ‖2 − f 2
(
Ric(Jξ, Jξ) + 〈R(ξ), ξ〉+ ‖Aξ‖2)
}
.





‖∇f‖2‖ξ‖2 − f 2Ric(ξ, ξ)
}
.











where we use the positivity of Ric. If L is stable, then we have














Ric(ξ, ξ) ≥ 0.
However, this must be negative unless ξ is trivial. Therefore α = αξ is trivial
and the assertion is proved.
4.4 Second proof of the main theorem
We give a second proof of the main theorem using Theorem 4.1.1. First, we
review a fact on L2 forms.
Lemma 4.4.1 ([18]). Let α be an L2 form on a Riemannian manifold L. Then,
α is harmonic if and only if dα = 0 and δα = 0.
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Proof. We choose a cut-off function f in Lemma 4.3.2. For an L2 form α on
L, we have ∫
L












‖fdα‖2 + 〈fdα, 2df ∧ α〉
}
(4.11)
since f has a compact support. Similarly, we have∫
L
















‖fδα‖2 ± 〈fδα, ∗(2df ∧ ∗α)〉
}
. (4.12)
Adding up (4.11) and (4.12), we obtain∫
L




‖fdα‖2 + ‖fδα‖2 + 〈fdα, 2df ∧ α〉 ± 〈fδα, ∗(2df ∧ ∗α)〉
}
.






















〈fdα, 2df ∧ α〉
∣∣∣∣+ ∣∣∣∣∫
L







‖fdα‖2 + 2‖df ∧ α‖2 + 1
2




0 ≤ 〈ω ± η, ω ± η〉
= ‖ω‖2 + ‖η‖2 ± 2〈ω, η〉
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‖df ∧ α‖2 ≤ ‖df‖2‖α‖2,
‖df ∧ ∗α‖2 ≤ ‖df‖2‖α‖2,













where we use the property (5) of Lemma 4.3.2. Since the form α is L2, letting






Therefore dα and δα must vanish. The converse is clear since ∆ = δd+dδ.
Second proof of Theorem 4.3.1. Let α be an L2 harmonic 1-form on L. We use

















‖d(fα)‖2 + (δ(fα))2 − Ric(V, V )
}
, (4.16)
since f has a compact support. For the first term, we have
‖d(fα)‖2 = ‖df ∧ α + fdα‖2 = ‖df ∧ α‖2
= det
(
〈df, df〉 〈df, α〉
〈α, df〉 〈α, α〉
)
= ‖df‖2‖α‖2 − 〈df, α〉2, (4.17)
where we use Lemma 4.4.1. On the other hand, we have
(δ(fα)) = − ∗ d ∗ (fα) = − ∗ (df ∧ ∗α)− f ∗ d ∗ α
= −〈df, α〉+ fδα = −〈df, α〉, (4.18)
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‖∇f‖2‖ξ‖2 − f 2Ric(ξ, ξ)
}
.
The rest of the proof is same as the previous section.
4.5 Corollary of the main theorem
As a direct consequence of Theorem 4.3.1, there is a topological restriction on
complete non-compact Kähler manifolds with positive Ricci curvature.
Corollary 4.5.1. Let M be a complete non-compact Kähler manifold with
positive Ricci curvature. Then M has no non-trivial L2 harmonic 1-forms.
Proof. When (M,J, g, ω) is a Kähler manifold, (M,−J, g,−ω) is also a Kähler
manifold. Thus (M × M,J × (−J), g ⊕ g, ω ⊕ (−ω)) is a Kähler manifold
with positive Ricci curvature provided that M has positive Ricci curvature.
In this case, the diagonal subset ∆M ⊂ M ×M is a Lagrangian submanifold.
In addition, ∆M is stable minimal because it is a complex submanifold of
(M × M,J × J). If M is assumed to be complete and non-compact, then
M ∼= ∆M has no non-trivial L2 harmonic 1-forms because of Theorem 4.3.1.
More generally, the following is known.
Theorem 4.5.2 ([4], [7]). Let M be a complete Riemannian manifold with
non-negative Ricci curvature. If either the volume of M is infinite or the
Ricci curvature is positive at some point of M , then M has no non-trivial L2
harmonic 1-forms.
Proof. We choose a cut off function f in Lemma 4.3.2. Let α be an L2 harmonic















f 2‖∇α‖2 + 〈f∇α, 2df ⊗ α〉+ f 2Ric(α], α])
}
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Letting r →∞, we obtain
‖∇α‖ ≡ 0,
Ric(α], α]) ≡ 0
since α is an L2 1-form and the Ricci curvature of M is non-negative. In
particular, ‖α‖ must be constant. If the volume of M is infinite, ‖α‖ must
be trivial since α is L2. If the Ricci curvature is positive at some point of M ,
α = 0 at the point and hence α is trivial. This completes the proof.
4.6 Other known result on the stability and
the topology
The main theorem deals with only usual stability of complete non-compact
Lagrangian submanifolds. B. Palmer [17] investigated the relation between
the Hamiltonian stability and the topology of complete Lagrangian subman-
ifolds. Since Hamiltonian stability is a weaker condition, we need a stronger
assumption.
Theorem 4.6.1 ([17]). Let (M, g) be a Kähler manifold with
RicM ≥ cg
for some positive constant c. Let L be a complete non-compact minimal La-
grangian submanifold which has at least two disjoint non-parabolic ends. Then
L is not Hamiltonian stable.
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B. Palmer [17] gives examples of Lagrangian surfaces with two non-parabolic
ends in the complex hyperquadric Q2(C). Let F : Σg → S3 be a minimal im-
mersion of a compact Riemann surface with genus g > 1 (see Lawson [11]).
Then the Gauss map G : Σg → Q2(C) of F is a minimal Lagrangian. We
choose a closed curve γ ⊂ Σg which generates a non-trivial cyclic subgroup 〈γ〉
of π1(Σg). Consider the covering Σ̂g := Σ̃g/〈γ〉 of Σg, where Σ̃g is the universal
covering of Σg. Then the lift Ĝ : Σ̂g → Q2(C) of G is a complete non-compact
minimal Lagrangian submanifold. When the genus g is greater than 1, Σ̂g has
exactly two non-parabolic ends. Since Q2(C) is a Kähler manifold with con-
stant positive Ricci curvature, we conclude from Theorem 4.6.1 that Ĝ is not
Hamiltonian stable.
We obtain a bit generalized example: We consider F and G as above and
any infinite Galois covering p : X → Σg. Then the lift Ĝ : X → Q2(C) of G
with respect to p is a complete non-compact minimal Lagrangian submanifold.
When the genus g is greater than 1, it is known that X has non-trivial L2
harmonic 1-forms (see [1], [5]). Thus Ĝ is not stable by Theorem 4.3.1.
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Chapter 5
Minimality and stability of
isotropic submanifolds in Kähler
manifolds
Let L, N , M be Riemannian manifolds, where L is a submanifold of N , and
N is a submanifold of M . Then the following are easily seen:
(1) If L is minimal in M , then L is minimal in N . When N is totally geodesic
in M , the converse is true.
(2) Assume that L is minimal in M . If L is stable in M , then L is stable in
N .
Moreover in (2), the converse is true if the sectional curvature of M is non-
positive and N is totally geodesic in M . In fact, for any normal variation V of
L in M , decompose it into V = ξ + η, where ξ is the component in TN and η
is the component in T⊥N . Then an easy computation leads to









provided that L is minimal in N and N is totally geodesic in M , where A′′1,ξ(0)
is the second variation in N in the direction ξ. Therefore the assertion follows
if the sectional curvature of M is non-positive.
Proposition 5.1.1. Let L be a compact Lagrangian submanifold of a complex
submanifold N in a Kähler manifold M .
(1) If L is isotropic (respectively, exact) minimal in M , then L is Lagrangian
(respectively, Hamiltonian) minimal in N . When N is totally geodesic in M ,
the converse is true.
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(2) Assume that L is isotropic (respectively, exact) minimal in M . If L is
isotropic (respectively, exact) stable in M , then L is Lagrangian (respectively,
Hamiltonian) stable in N . Moreover the converse is true if the sectional cur-
vature of M is non-positive, N is totally geodesic in M and L is minimal in
N .
Proof. We choose an arbitrary normal variation V of L in M and decompose it
into V = ξ + η as above. Then V is an isotropic (respectively, exact) variation
if and only if ξ is a Lagrangian (respectively, Hamiltonian) variation of L in N .
Then (1) is obvious form Proposition 3.3.2. The assertions in (2) are proved
in a similar way to the above argument.
Remark 5.1.2. In Proposition 5.1.1, we need to assume that L is compact
because we use the Hodge decomposition in the proof of (1) of Proposition 3.3.2.
Example 5.1.3 ([3], [15]). The standard torus T k ⊂ Ck is a Hamiltonian min-
imal Lagrangian submanifold. Thus T k ⊂ Cn (k < n) is an exact minimal
isotropic submanifold by Proposition 5.1.1. When k = 1, it is shown by Chen
and Morvan [3] that an exact minimal isotropic submanifold in Cn is auto-
matically a circle in a complex line C1 of Cn. That is to say, above T 1 ⊂ Cn
is essentially only one example of exact minimal isotropic curves in Cn. For
higher dimension k, it is not known whether there are other examples of exact
minimal isotropic submanifolds in Cn.
Proposition 5.1.4. Let I be a submanifold of a Lagrangian submanifold L in
a Kähler manifold M .
(1) If I is exact minimal in M , then I is minimal in L. When L is totally
geodesic in M , the converse is true, and in this case, I is automatically minimal
in M .
(2) Assume that I is exact minimal in M . If I is exact stable in M , then I
is stable in L. Moreover the converse is true if the sectional curvature of M is
non-positive and L is totally geodesic in M , and in this case, I is automatically
stable in M .
Proof. (1) If I is exact minimal in M , then H ∈ JTI ⊂ JTL = T⊥L by
Proposition 3.3.2 and so I is minimal in L. The second part is obvious.
(2) Note that the maximal complex subbundle ν of T⊥I is given by
ν = (T⊥I ∩ TL)⊕ J(T⊥I ∩ TL).
Thus any variation V of I in L satisfies V ∈ ν and hence V is an exact variation
of I in M . Therefore, the assertion follows. The second part is obvious.
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Corollary 5.1.5. Let I be an orientable hypersurface of a Lagrangian sub-
manifold L in a Kähler manifold M . Assume that the Ricci curvature of L is
non-negative, and positive at some point in I. Then I is exact unstable in M .
Proof. Let u be a unit normal field of I in L. If (e1, . . . , en−1) is a local
orthonormal frame on TI, then (e1, . . . , en−1, u) is a local orthonormal frame
of TL along I. Thus we have
n−1∑
i=1
〈RL(u, ei)ei, u〉 =
n−1∑
i=1
〈RL(u, ei)ei, u〉+ 〈RL(u, u)u, u〉 = RicL(u, u).
















since ∇⊥1u = 0, where ∇⊥1 and Au1 are respectively the normal connection and
the shape operator of I in L. By the assumption on the Ricci curvature of L,
A′′1,u(0) is negative. Thus I is unstable in L. Therefore Proposition 5.1.4 yields
that I cannot be exact stable in M .
Example 5.1.6. We consider the complex projective space CP n of complex
dimension n and the totally geodesic RP n in it. By Corollary 5.1.5, there
are no exact stable submanifolds I with dimension n − 1 in CP n which is
contained in the totally geodesic RP n ⊂ CP n as an orientable hypersurface.
In particular, RP n−1 ⊂ CP n is exact unstable.
It is known by E. Goldstein [6] that RP k ⊂ CP n (k < n) is a Hamiltonian
volume minimizing isotropic submanifold. On the other hand, RP n−1 ⊂ CP n
is exact unstable as is seen in Example 5.1.6. Thus, Hamiltonian volume min-
imizing isotropic submanifolds need not be exact stable.
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